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Abstract—In this letter, we consider the problem of simulta- letter, we will present a straightforward technique that allows
neous blind signal extraction of arbitrary group sources from a  the extension of several of the classical criteria for blind source
rather large number of observations. Amari proposed a gradient - genaration and extraction to the case of the simultaneous blind

algorithm that optimizes the maximume-likelihood (ML) criteria on . .
the Stiefel manifold and solves the problem when the approximate extraction of an arbitrary subgroup #f(1 < P < N, where

(or hypothetical) densities of the desired signals ara priori known. N means the total number of sources) interesting sources.
This letter shows how to extend this result to other contrast func-  Let us consider the standard linear mixing modehbdfun-

tions that do not require explicit knowledge of the sources densi- known statistically independent source signals drawn from a
ties. We also present the algorithm necessary and sufficient local random vector procesS(¢) = [S1(t) g r(t)]T of zero
stability conditions, providing useful bounds for the learning step . . AR T
size. mean and normalized coyarlar_w@ev(S)_ = E[S(t)S*(1)] =

I, wherel denotes the identity matrix of ranK. These sig-
nals are linearly combined by the memoryless system described
by a mixing matrixA to give the observations

Index Terms—Blind source separation, contrast functions, inde-
pendent component analysis, simultaneous blind signal extraction.

I. INTRODUCTION X(t) = AS(1). (1)

B LIND SIGNAL separation (BSS) is the problem of\yjthout loss of generality, we assume that the unknown mixing
recovering mutually independent unobserved signaigatrix A € RY*N is orthogonal, and since the mixture is in-
(sources) from their linear mixture. Although this problem hagantaneous, we can drop the time reference when referring to
recently attracted a lot of interest because of its wide numbengg random variables of the considered processes. Note, that the
applications in diverse fields, BSS can be very computationagythogona”ty of the mixing matrikA AT = Ty) can be always
demanding if the number of source signals is large (say, of orq{torced by simply performing prewhitening on the original ob-
100 or more). In particular, this is the case in biomedical signgnyations. For noisy data, the robust prewhitening or orthogo-
processing applications such as electroencephalographic/magization can be employed.

netoencephalographic data processing, where the number qf, order to extract” < N sources, the observations will be
sensors can be larger than 120 and where it is desired to extigafher processed byAx N semi-orthogonal separating matrix

only some “interesting” sources. Fortunately, sequential bling, satisfyingUU” = Tp, which yields to the outputs vector (or
signal extraction (BSE) overcomes somewhat this difficultystimated sources)

The BSE problem considers the case where only a small subset
of sources has to be recovered from a large number of sensor Y = UX =GS )
signals.

The combined use of BSE and deflation to solve the BSghere G = UA will denote the semi-orthogona? x N
problem was originally proposed in [3] and later further exglobal transfer matrix from the sources to the outputs. The
plored in several papers (e.g., [4]). However, the main limitatissemi-orthogonality of the global transfer system will be im-
of existing BSE algorithms is that most of them can only recoveortant for preserving the spatial decorrelation of the outputs
the sources sequentially, one by one, in order to avoid the pesctor, sinceCov(Y) = GGT = Ip.
sibility of obtaining the sources replicated at the outputs. In this According to the usual notation, random variables and

their samples are denoted in capital and lowercase letters,
respectively. We will denote by’}, = CumulanfY : r)
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S X Y and if(Sp) # 0, then, the following objective function
—— A orthogonal U semi-orth. ———
N N 1< P <N

r
U(Y) = ditp(Y;) subject toCov(Y) = Ip (10)
Fig. 1. Considered signal model for simultaneous blind source extraction. oy

will be a contrast function whose global maxima correspond
i< obtained wh o . hen th ol to the extraction of the firs sources from the mixture. If,
0) is obtained whepy; = pg, i.e., whenthe n.rv.follows 4qgitionally, ¢s(5,) > -~ > ¥(Sp), then the global max-

a Ga_ussmn dlstrlpuuon. . . __Imum is unique and corresponds to the ordered extraction of
2) 9(-) Is convex (strictly convex) with respect to the I|nea[he first P sources of the mixture, i.e., at this maximh =
combinations of the independent sources (of the indepe[@r1 Sp]”

dent sources for whicth(S;) # 0), in such a way that, if
Y, = Zj\=1 Giij, then

1) #(-) = 0, and the minimum value of the indéx(Y;) =

Proof: From Property 2), we have that

r N r
N S dip(Yy) <D 9(S) Y dilGiyl? (11)
(V) <D 1GiPe(S;) 3) i=1 =1 i=1
=1 = trace{GAGT D} (12)
whereG;; are the elements of the semi-orthogonal matr'%here
GandS;,j =1,...,N,areindependent and normalized
random variables. A = diag(¥(S1),...,¢¥(Sy)) andD = diag(ds,...,dp)

These properties have been defined in [5], and they are close . _ .
to those given in [6] and [7] when the idea of contrast functioriy© diagonal matrices. B_ut the decorrelation const_ralnt for the
was independently defined. Since then, many functionals tf&ttPUts(Cov(Y) = Ip) is tantamount to the semi-orthogo-
satisfy the previous properties have been proposed in the litgfa!ity of the global transfer matri&. From the application of

ture, such us, among others, the minimum entropy (ME)-bas Poincaré’s separation theorem of matrix algebra, and ac-
index [5], [7] cording to the sources ordering (9), the eigenvalueg oo >

- > op of GAGT satisfyvi = 1,..., P

1
an(Yi) = 2 log(2me) — h(Y;) ) P(Sn_pyi) < oi < P(S;). (13)
the maximum-likelihood (ML)-based index [1, Ch. 3] Thus, taking into account (13) and the majorization of the di-
agonal elements of the matrt®AG7T by its eigenvalues, the
PmL(Y;) = constantt Elog ps, (yi)] (5)  maximum of (12) subject to the semi-orthogonalityGfis

and the cumulant-based indexes [3], [4], [6], [8] r
max trac GAG'D} = Z dith(Si) (14)

Yo(¥i) = |y | (6) Ger=te =l
r>2 and, from the strict convexity af(-) whenevery(-) # 0, if
wherea, > 1 (typically o, = 1 0r2) andw’. = w,/(ra,) are  ¥(51) > -+ > 9¥(5p), the necessary and sufficient condition
scaled or normalized nonnegative weighting factors. for the equality between (11) and (14) is ti@t= [I, 0], i.e.,
From Property 2), the blind extraction of one of the nor& is the ordered extraction matrix of the firt sources. On
Gaussian sources is obtained, solving the following constrainé@ other hand, it/(S1) > --- > (S5p) with equality for
maximization problem certain subsets of the firgt sources that have a common value
or index undeny(-), the necessary and sufficient condition for
max #(Y;) subject toCov(Y;) =1 (7) the equality between (11) and (14) is that the maixan be

reduced to the fornflp, 0] by permutations among the rows
whereas it is well known [6] that the blind source separation aksociated with the sources that share the same index.
the whole set of sources is obtained, maximizing
Ill. EXTRACTION ALGORITHM

N
maxzz/;(yi) subject toCov(Y) = I. (8) A particularly simple and useful method to maximize any
v chosen contrast function is to use the natural Riemannian gra-

i . . dientascentin the Stiefel manifold of semi-orthogonal matrices,
The next theorem fills the theoretical gap between both previoysi h is given by

approaches.
Theorem 1:Given a set of positive constants > d > Vol = Vy¥ — U(Ve?)TU. (15)
-+ > dp and a functionaly(-) that satisfies Properties 1)-2),

if the sources can be ordered by decreasing the value of thi¥s leads to the algorithm proposed in [1, Ch. 3] for blind
functional as source extraction using the ML approach

P(S1) 2 -+ 2 9(Sp) > (Spa1) = - 2 B(Sy)  (9) U = Ut - (DRY) - R{IDUM)  (16)
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TABLE |
PARTIAL ACTIVATIONS FUNCTIONS (™ (-) ASSOCIATED TOLOW ORDER CUMULANTS

r=3 — o) = —sign(C) - |C3. (aa=1) 2

r=4 = oW(y) = —sign(Cy) - 1Cy 17V - (4 - 3y, Ely))

r=5 — o) =—sign(C}) - 1C; |V - (v} — 4 Ely}] - 64 Ely?])

r=6 — o) =—sign(Cy) - |Cp |V - (4f = 5yiEly]] — 1097 Bly}] — 1097 Ely?] + 30y:( E[y]))*)
where D = diag(dy,...,dp), Rf}f; = FEfe(y) xT] asy; = ¢;(S;) when acting on théth extracted source. The
is a sample cross correlation matrix, angd(y) = theorem and its corollary present the obtained stability results.
[—(dapr (y))/ (dyr), ..., —(dibp(yp))/(dyp)]T is the ac-  Theorem 2: Assuming that the mixing system is orthogonal,
tivation function that depends ahi(-), the stochastic form of the necessary and sufficient local stability conditions of the gra-
the indexy(Y;) = E[); (Y;)]. dient algorithm in the Stiefel manifold (16) to converge to the

The activation functions for the ML-based indexextraction solution are, forallj |;2;=1,..., P, given by

V() = WYpL(-) can be explicitly computed only when 9
the sources densities are known. However, this is not necessary 0 < p < —, ifP=1 (18)
for the ME-based indeX¥'(-) = Wyg(-), and approximations Hi
of the true activation functions can be found in [6] and in ¢ <, < min{ 2 73}7 ifl<P<N (19)
[1, Ch. 3] using the truncated Edgeword and Gram—Charlier Kit+Kj K
expansion of the marginal probability density functions of the < 2 ifP— N (20)
outputs. The most robust approach is for the cumulant-based Ri + Ky

index, since for this case the general form of activation function . -
can be obtained without approximations, and it is univers4fere the variables; = d; E[(d¢;)/(9s;) — S;¢:] (originally
in the sense that it does not depend on the density of sourgggned in [2]) control the stability of the algorithm.

for well-defined indexes (those that are nonzero for all desired Fr0°f: Multiplying (16) from the right by the mixing
sources). The activation function is systemA, we can study the convergence of iteration in terms

of the global transfer syster&. In the neighborhood of the

” extraction solution, we define a global system in terms of
wlvi) = Zw”(p( () A7) the deviation matrixe — [eL, €r] :sG :y[Ip + er,€r),
whereey, is skew-symmetric in order to preserve the first order
which is a linear combination of partial activation function§emi-orthogonality ofG. After several manipulations of the
©)(y;) where each one is related with only orth-order cu- iteration, the linearized dynamic of the algorithm around the
mulant. The expressions of the partial activation functions a@&traction point is obtained as
explicitly shown in Table | up to order six, although, in practice,

r>2

cumulants with order > 5 are scarcely used, since their pre- GE?H) = (1= pulrs + “J))ez(?) (21)

cise estimation requires a large number of samples. GZ(;LH) =(1- lmi)égg) (22)
Our objective is to extract the desired sources, i.e., the source

signals in which the largest index(S;) or a contrast value. foré, j |;z;=1,...,Pandg = P+1,...,N. Thus, the neces-

However, since we use a gradient algorithm, it can be trappsary and sufficient asymptotic stability condition that enforces
in the local maxima corresponding to other valid extracting se:; ande;, to converge to zero with the run of iterations yields
lutions. Thus, there is no guarantee that we achieve always the presented bounds (18)—(20) for the algorithm step size.
global maximum solution in one single stage of extraction. For- However, it is interesting to observe, that since Amari’s al-
tunately, extensive simulation experiments show that it is usgerithm takes the special form of the EASI algorithm [2] in the
ally sufficient to repeat the extraction procedure two or thrggarticular case of> = NV andD = I, the condition for the
times with a deflation procedure (see [3] for more details dvlind separation of all the sources (19) is a simple extension of
deflation) to obtain all desired signals, which are, in our casiée local stability condition of the EASI algorithm [2]

those with the largest indek(Y;) among all possible estimated

sources. An alternative approach is to run the algorithm starting ki+r; >0, foralll<i<j<N. (23)

with different initial conditions. The procedure can be stopped

when all the sources in the last extraction exhibit small index The results of the following coroliary, when applied to

“heorem 2, help to express explicitly the bounds for the step
size for each of the three considered indexes.
IV. STABILITY ANALYSIS AND PRACTICAL Corollary 1: The factors that control the local stability are

IMPLEMENTATION OF THE ALGORITHM
dlogps \ 2
<ﬂ> ] _1> v (e
aSi

In this section, we will consider an arbitrary nonlinear compo- wi=d; | E
nentwise activation functiop(-), and we will denote it briefly
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for the entropy- and ML-based indexes and were recovered. The obtained results were that, in 22% of the
experiments in which we extracted all the desired sources with
just the first run of the algorithm, this quantity increases to 96%

of the experiments if a second run is allowed and to 100% after

) the third run. Thus, we can observe that the used index possesses
for the cumulant-based index. a high capability of discrimination of asymmetric sources. Sim-

_ Proof: We have seen that the stability of the algorithmg, resyits have been also obtained for continuous distributions.
critically depends on the; factors and on their positiveness.

For the entropy- and ML-based contrasts, we can apply the
Cramer—Rao lower bound for the estimation of the sources, to-
gether with their unit variance constraint and non-Gaussianity,In this letter, we have analyzed the problem of the blind si-
to obtain the result (24). The proof of the second part of theultaneous signal extraction, extending the work of [1, Ch. 3]
theorem relies on the fact that, for the activation functiot® other criteria. We obtained activation functions that are uni-
obtained from the cumulant-based indé&X(dy;)/(ds;)] = 0 versal and, thus, robust when the sources densities are unknown.
and, thus, for this special case We also presented the local stability conditions of Amari’s ex-
traction algorithm, providing useful bounds for its step size. Fi-
nally, via simulations, we have shown that there are situations
for which it is possible to find indexes that provide discrimina-
tion capability and allow to favor the simultaneous extraction of

which, for any well-defined indexc(S;) # 0, is always posi- sjgnals, with desired stochastic properties, from a large number
As a consequence of the corollary, if this later index is well
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